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Abstract

All space-times admitting a neutrino radiation field are obtained. Three classes of such
space-times exist, characterised by the Weyl tensor being of type D, N (or O) or 1II.

1. Introduction

The concept of a neutrino radiation field is introduced (Griffiths &
Newing, 1970) as being any neutrino field with energy momentum tensor

E, =211,

where [, is the neutrino flux vector. This definition is made by analogy to
electromagnetic radiation fields. It has been shown (Audretsch, 1971) that
all neutrino fields (with casual behaviour) become, asymptotically, neutrino
radiation fields, a result which justifies physically the original definition.

Griffiths and Newing show that the Weyl equation for a neutrino field
can be written in terms of a null tetrad as

(um” = Pmy),, =m*1,,, (a.n
where the null vector /* is the flux vector, satisfying
#,=0 (1.2)
The conditions for a neutrino radiation field are
m*l,;, = al, + bm, (L3)
and
W* My, = 3421, + am, — aim, (1.9

where b is real. The purpose of the present paper is to solve the Einstein
field equations
R, =—-A*11, (1.5)
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with the supplementary conditions (1.1) to (1.4). The method of spin
coefficients, (Newman & Penrose, 1962) will be used throughout and
readers unfamiliar with the definitions and notation are referred to the
paper by Newman and Penrose. A coordinate system, adapted to the
problem, is set up in Section 2 and the general solution to the resulting field
equations is then obtained in the following sections. Three distinct classes
of solution are obtained and these are characterised by the Petrov type of
the Weyl tensor.

2. Derivation of the Field Equations

1t follows from equation (1.3) that the neutrino flux vector is proportional
to a gradient, /, = Au ,. It is convenient to introduce a new tetrad by the

transformation
I,—~A4'1, and n,—A4n, @.n

so that the new vector /, (which is now no longer the neutrino flux vector)
is equal to a gradient. This then leads to the following conditions on the spin
coefficients

T=a+p, p=p k=0, e+é=0 2.2)

so that /, is tangent to a family of affinely parametrised null geodesics.
Equations (1.1)~(1.4), after application of the transformation (2.1), yield

T=&—f, e=¢€ 2.3)

together with the equations

2r—28=A4,m"[A 24
2p—2e=A,m’|A 2.5)

and
JidlA=y—7% (2.6)

Coordinates (x!,x%,x3,x%) = (4,7, x3,x*) are now introduced, r being a
preferred parameter for the null geodesics to which /, is tangent. It follows

that
I#=8+ and [,=3,!

In order to preserve the orthonormality conditions on the null tetrad it is

necessary to take
nt = 81# + USZ# + Xi Si#

and
mk = wd,# + £ §,F

where indices i, j take the values 3 and 4. The metric can then be constructed
using the completeness relations

G = luty + 1,0, — m, M, —m,m, (2.7)
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The metric and neutrino radiation equations (2.2)—(2.6) are invariant in
form under the coordinate and tetrad transformations

r'=r+ R(u, x* x*) 2.8)
xt = xV(u, x3, x%) .9
r=rly, W=y, I¥=9l#, p¥=yppt (2.10)
and

™ =1*  n¥ =n"+Bm*+ Bm* + BBI*, m* =m*+BI* (2.11)

The intrinsic derivatives associated with the above null tetrad are

D =20/or
4= U?9/or+ o/ou+ X' 9ox

and
8 = wdjor + & o/ox

Substituting the coordinates into the commution relations satisfied by these
intrinsic derivatives yields, after simplification using (2.2) and (2.3),

D¢ = p¢t (2.12)

Do =pw—7+m (2.13)

DX'=(r+®E+(F+m)é (2.14)

DU=—(y+P+Er+Do+F+no (2.15)

SU—dw=-3+dd+(u—y+pPo (2.16)

SX' — A —(u—y+7)& + R @.17)

8¢ — 8¢ = —7& + 7E! (2.18)

8o —8w=—Fo+710+(n— ) (2.19)

. Substituting (1.5), (2.2) and (2.3) into the Newman Penrose field equations

e o=t =0 (2.20)
and

Dp = p? (2.21)

Dr=(r+m)p 2.22)

D7 =pf+pm (2.23)

Dy=(t+®)7+1m+1 (2.24)

DX — 8w =pA+ w2 + Frr (2.25)

Dy —8m=pu+ni —ar+ i (2.26)
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Dv—dr=@m+Hp+ @+ 1A+ y—Pm+ i (2.27)

A= =—(pu+DA-By—PDA+ Q7 +m)v—ify (2.28)

8p=pr (2.29)

dF=up+Tr—1i (2.30)

O —8p=(p — @7+ p7 + Ar — ¢ (2.31)

Sv—du=p 2+ N+ +Pp—ir+dn (2.32)

Sy =pur+7A (2.33)

8r=12p (2.34)

dp—8r=—pi—2r7+(y+9)p— (2.35)

A7 —Sy=pr—A—FH@—F+y)— i (2.36)
Substituting (1.5), (2.2), (2.3) and (2.20) into the Bianchi identities yields

Dy, =3pih, (2.37)

S, = 31ehs (2.38)

&y — Dify = —3mp, — 2pif3 (2.39)

ey — Sipy = =3, — 273h3 — pebss (2.40)

Sty — Difry = 3Ny — 2(7 + 27) 3 — pifs (2.41)

Ay — 8y + 8byy =30y — 20y + 20) s — iy — Ty, (2.42)

Dy =2p¢s» (2.43)

In the above
$ry = 3R, ni 0’ =+ (2.44)

Under the null rotation (2.11), 7 transforms as
7' =71+ Bp

It follows that the solutions of the equations (2.12)-(2.43) can be classified
according as p is zero or non-zero. In the latter case the null rotation can be
used to make 7 zero. This case is considered in the next section.

3. Neutrino Radiation Fields with Diverging Rays (i.e. p #0)

The null rotation (2.11) is used to make = = 0. It follows from (2.21) and
(2.34) that = = A = 0. Integrating (2.21) gives

p=-1/r 3.1

where a function of integration has been reduced to zero using the trans-
formation (2.8). Equations (2.29), (2.19), (2.30), (2.38) and (2.31) yield

w=0, p=g, Yp=pp, Su=0, Yy=0 (3.2)
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Equations (2.12)~(2.15), (2.24)-(2.27), (2.39) and (2.40) can be solved to
obtain the r-dependence of the unknowns. In what follows the superscript °
is used to denote a function of ux?, x* alone. Thus

& =¢%r (3.3)

X! = X0 3.9
p=pfr? (3.5)
y=9"+u’2r? (3.6)
U=U—(°+ 9% r+pr 3.7
y=17° (3.9)

e =1p"fr 3.9)

b2 = 22/r? (3.10)

The transformation (2.9) is used to set £°° = P, £04 = iP. It then follows that
£9% 9/oxt = 2P 205

where
z=x3 4 ix*

The choice of the above canonical form for P does not exhaust the trans-
formation (2.9), there still remains

' =7'(z,u) 3.1
Equating to zero the different powers of r in equation (2.17) yields
U°=0 (3.12)

and
ZPXOi’E _ (,yo + ,}-,0) g0l gotal — X0 fOi’j - (—'yo + ,}—,0) &ol (3.13)

It follows from (3.13) that X° = X% + ;X% is independent of Z and so can
be reduced to zero by means of the transformation (3.11). Since X3, X4
are real they must both vanish. Again the transformation (3.11) is not
exhausted, there remains

: Z' =127'(2) 3.14)

Equation (3.13) now becomes
25° =~(logP) , (3.15)

The remaining equations amongst (2.12)-(2.43) are treated in the same
way as equation (2.17) and the following information is obtained,

10 =0 =0 (3.16)
Y0=y'z=P,=0 (3.17)
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p0 =-30° +7)p’ — ¢2, (3.18)
po, =0 (3.19)
Equations (3.15) and (3.17) imply that
P=2Z(U)

The transformation (3.14) can be used to make Z(Z)=1 and the trans-
formation (2.10) can be used to make U(u) = exp [ix(z)]. Hence

P =exp [ix(u)] (3.20)

Substituting this into (3.15) and (3.18) yields
70 = —%ix (3.21)
5 =—p (3.22)

The equation (3.19) gives that the real function p° is a function of u alone.
The metric of the resulting space-times is obtained from (2.7) and is

0 1 0 o0
1 2% 0 O

=10 0o -2 o 3.23)
0 o0 0 -2
Equations (2.4) and (2.5) yield
A= A%u)/r?
so that the neutrino flux vector is
Awyr28,! (3.24)
Finally, comparing (3.22), (2.44) and (1.5) gives
Ry =+2p9r 28,1 8,1 (3.25)

The only remaining equation, namely (2.6), yields y = j1.4,. Notice that the
neutrino flux vector is only defined up to an arbitrary multiplicative function
of u and for a positive energy density u, is a decreasing function of u. Since
i, is the only non-zero tetrad component of the Weyl tensor it follows that
the Weyl tensor is of type D. The corresponding empty space-time
(u° = constant) is not flat.

4. Neutrino Radiation Fields with Non-diverging Rays (i.e. p=0)

The null rotation (2.11) can be used to make 7= 0; this fixes B up to
B=B(u,x*,x*). The r dependence of the various unknowns is easily
obtained from the relevant equations, thus

=7

A= 20
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P =1,
¢22=¢22
§i=EOi
Y=+ ")+
p=0r + po
w=—77r+w’
Xi=(7'° §0i+7-.o§0i)r+X0i
U=U°+(T°<I)°+7’-°w°—'y°—7°)r—%(4r°-7-°+¢2°+$2")r2

Equations (2.30), (2.34) and (2.35) become

8’7’0 = ’To 1_'0 ot ¢20 (4.1)
87°%=0 “4.2)
70 = 27070 lpzo 4.3

The coefficient of 7 in (2.33) is
B(r0 70 + %) = 00
and this, together with (2.38) and (4.2) yields

79579 = 2,90 @4)
Comparing (4.1), (4.3) and (4.4) yields
‘To = ()bzo = 0 (4.5)

As in the previous section £°° and £% can be put equal P and iP. The null
rotation (2.11) can be used to make A° = 0; this now fixes Bup to B = B(u,z).
X° can then be transformed to zero, the remaining transformation (2.9)
then being

z' =7'(2) (4.6)

The following information is then readily obtained from equations (2.12)-
(2.43). s @
gy =2PY3 v+ 2PV° . + &% ¢f,° (4.8)

22 =101 — @’ + Y+ 7)) + ¥4 + 2P0 (4.9)

P =’ + o(u® +25°) - 2PU°, (4.10)

=0, P.=0, °,=p°, (.11)

po—y° + 7% =—(logP) (4.12)

2P&° ;- 2P0’ , =p® — ° (4.13)
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Equations (2.4), (2.5) and (2.6) yield
A=A%) 4.14)
LiA2 A% = ° — §° = —id° 43, (4.15)

The interpretation of the equations (4.7)-(4.15) depends critically on
whether i; = 0 or ¢§; # 0. Consider first the case ¢f; = 0. Then equation (4.7)
gives

p® = u’(Z,u)
and this function can be reduced to zero using the null rotation (2.11); this
fixes B up to B=B(u). ¥° is now a function of » alone. From (4.12)
(logPP) , = zero so that PP is a function of z, £ alone. It follows, from this

fact and (4.12), that -
P =Z(2)exp [ix()]

As in the last section Z (%) can be put equal to unity so that

P = exp [ix(w)] (4.16)

The transformation (2.10) can be used to make y° = —7° and then equation
(4.12) becomes

¥ =iy “4.17)

So far the transformation (2.8) has not been used. Under this transformation

0% =w®+2PR ; 4.18)

The function R can be chosen to make w? zero if and only if the integra-

bility condition
? @°
(7). (%),

is satisfied. This is just equation (4.13) and so w® can be put equal to zero.
The only remaining equation is obtained by eliminating ¢3, between (4.9)
and (4.15). This gives an equation for U°, namely

U° e =m(u)=34°%

The general solution is
Ul=m(u)zz+ F

where Fis any function of u, z, Z satisfying Laplace’s equation F ;; = 0. The
resulting metric is

0 1 0 0

, |1 mzZ+F O O
g”=1, 0 2 0 4.19)

0 0 0 2

The neutrino flux vector is A°8! u and
R, =—8m(u)d', 8%,
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This metric is the plane fronted wave found previously (Audretsch & Graf,
1970). The neutrino flux vector is only defined up to an arbitrary multipli-
cative function of u. The Weyl tensor is of type N or O. The condition for
conformal flatness (type O) is F ,, =0.

Now consider the case 3 # 0. From (4.11) u° ,; = 0 and so, using the null
rotation (2.11), u? can be put in the form

§° = u(z,u) (4.20)

Equation (4.11) then gives
¥ = 10z, u) + y°(u) (4.21)

It is now necessary to define a ‘potential’ O(Z,u) by the equation
1 90 (4.22)
It then follows that (4.13) can be written in the form
(I)O to wO ﬁO
(7-129),~(5-12).

and this equation is the integrability condition for the function R in equation
(4.18) to be chosen so that

=330 (4.23)
Equation (4.12) can now be used to obtain z%Z,«) in terms of O(Z,u) and
0
() ~
oG u) =y =7+ (log 0 )1 (4.24)

The only remaining equation is obtained by eliminating ¢9, between (4.9)
and (4.15). This equation is

APPU° ;= pO i + PO p0 , + PO i 5 — 1A% — &0+ y° — 7°)

This defines U° in terms of O(%,u), y°(u) and A%) up to an arbitrary
solution of Laplace’s equation U° ,; = 0. It follows that the metric of the
space-times under discussion here are generated by @, 9° and A°. The
neutrino flux vector is 4°8,' and since 4° appears explicitly in the metric
the arbitrariness in the flux vector which occurred in the previous two cases
no longer occurs here. This result is in agreement with a theorem due to
Griffiths & Newing (1971). The Weyl tensor for this third class of space-
times is of type III.
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